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Abstract- In this paper, we study some finite integral formulas pertaining to the  ̅-function, proposed by 

Inayat- Hussain. During the course of finding, we establish various integral results involving  ̅-function 

multiplied with the help of an integral due to Lavoie and Trottier, certain integral due to Oberhettinger, algebraic 

functions and specials functions. These integrals relations are unified in nature and act as key formulas from 

which we can obtain large number of simpler functions and polynomials. 
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1. INTRODUCTION  

Especially, in recent decades, several generalized of 

the well known special functions have been studied by 

different authors. A large number of integral formulas 

of a variety of special functions have been developed 

by many authors (See, e.g. [3-4], [7], [8], [17-18]). 

Those integrals involving Bessel-function, 

Hypergeometric function, General class of 

polynomials etc. are of great importance since they are 

used in applied physics and many branches of 

engineering. 

The  ̅-function [1-2], is a new generalization of well 

known Fox’s H-function [11]. The  ̅-function will be 

defined and represented as follows [10]: 
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which contains fractional powers of some of the 

gamma function. Here, and throughout the paper 

          ̅̅ ̅̅ ̅̅   and          ̅̅ ̅̅ ̅̅   are 

complex parameters,             ̅̅ ̅̅ ̅̅           

    ̅̅ ̅̅ ̅̅   (not all zero simultaneously) and the exponents 

         ̅̅ ̅̅ ̅̅ ̅  and           ̅̅ ̅̅ ̅̅ ̅̅ ̅̅     can take on 

non-integer values. 

The contour in (1) is imaginary axis         It is 

suitably indented order to avoid the singularities of the 

gamma functions and to keep those singularities on 

appropriate sides. Again, for          ̅̅ ̅̅ ̅̅ ̅  not an 

integer, the poles of the gamma functions of 

numerator in (2) are converted to branch points. 

However, a long as there is no coincidence o poles 

from any  (       )        ̅̅ ̅̅ ̅̅ ̅  and        

             ̅̅ ̅̅ ̅̅ ̅  pair, the branch cuts can be chosen 

so that the path of integration be distorted in the useful 

manner. For the sake brevity  
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 Also, form Inayat-Hussain [9], it follows that  
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) for large z, where 

 

      
     

0 .
    

  
/1                            

 

Remark:-When the exponents                      

the  ̅-function reduces to the familier Fox’s H-

function [12].  

 

The generalized hypergeometric function   
 

 
  with 

  numerator parameters   ,...,    such that    

            and   denominator parameters 

        such that                  
    

{ }  {         }  is defined by [19] as: 
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The series occurring in (6) is convergent for all z (real 

or complex) when    . If      , then the series 

is convergent for | |     

Moreover, with      , the series (6) is 

(i) Absolutely convergent for | |   , if         

where 

  ∑   ∑  

 

   

 

   

 

(ii) Conditionally convergent for | |    | |     if  

          and 

(iii) Divergent for | |   , if          

If      , the series never convergent except when 

z=0, and the function is only defined when the series 

terminates. 

It is evident that, for every such hypergeometric 

identity, we can easily evaluate a number of finite 

integrals involving hypergeometirc functions. 

A detailed of account of the functions    
 

 
    

 
 
  and 

  
 

 
   can be found in the standard works, by Rainville 

[19]. 

Also,      is the Pochhammer symbol defined 

          by  
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1. NEW CLASS OF INTEGRALS INVOL-

VING PRODUCT OF  ̅-FUNCTION 

 

In this section, two integral formulas involving  ̅-

function are established. For the present investigation, 

we need the following result for Lavoie and Trottier 

[5]: 
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1.1. First Integral 
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Now using (2) and (8), we get 
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which upon using (1), we get 
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1.2. Second Integral 
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Now using (2) and (8), we have 
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(10) 

3. INTEGRAL FORMULA INVOLVING 

PRODUCT OF  ̅-FUNCTION WITH 

BESSEL MAITLAND FUNCTIONS  

 

The Bessel Maitland (also known as Wright 

generalized Bessel function) defined as 

following [13]: 
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1.3. Third Integral 
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Next, using the following formula [9]: 
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Then, we have 

    

 

   
∫

∏  (       ) ∏ {            }
   

   
 
   

∏ {           }
    

      ∏  (       ) 
 
     

  

 

 

 

 

 
         

               
      

 

     ̅       
     

 

 

[  |
                       (        )   

 (     )     

(     )   
 (         )     

             
] 

     

which provided |    |  
 

 
              and 

          

 

4. INTEGRAL FORMULA INVOLVING 

PRODUCT OF  ̅-FUNCTION WITH 

HYPERGEOMETRIC FUNCTIONS 

 

The hypergeometric function defined by [19]: 
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where           and      are of the Pochhammer 

symbols defined in (7). 

In this section, we derive an integral formula 

involving product of  ̅-function and hypergeometric 

function. 

1.4. Fourth Integral 
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If we substitute             and using the 

following relation  
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4. INTEGRAL FORMULAS INVOLVING 

PRODUCT OF  ̅-FUNCTION AND 

LEGENDRE FUNCTION 

 

The Legendre functions are the solution of Legendre’s 

differential equation [14] 

      
   

   
   

  

  
 

 

                                    

 

which       are unrestricted. 

If we set         
 

   , then (18) reduces to 
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   as the independent variable the 

above differential equation becomes as following  
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The solution of (18) in the form of Gauss 

hypergeometric type equation with           

                     as follows  
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where   
     is known as the Legendre function of the 

first kind (see [14]). 

Now we establish the integrals with Legendre 

function. 

1.5. Fifth Integral 
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Using the following integral formula [13]: 
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Applying  Eq. (23) in Eq. (22), we get 
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Now we express the  ̅           in terms of Mellin-

Bernes type of contour integral by (1), we finally 

arrive at 
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1.6. Sixth Integral 
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In view of the definition (1), finally arrive at result 
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5. INTEGRAL FORMULAS INVOLVING 

PRODUCT OF  ̅-FUNCTION WITH 

JACOBI POLYNOMIALS 

 

The Jacobi polynomial [19]   
         is defined as  
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where   
 

 
 is the classical hypergeometric functions. 

When      , then the polynomial (27) reduces to 

the Legendre polynomials [see, 19]. 

 

The following integral formulas involving the product 

of  ̅-function and Jacobi polynomials will be 

evaluated in this section. 

1.7. Seventh Integral 
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Now we use the following result 
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1.8. Eight Integral 
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Next, we use the following formula [19]  

∫                      

 

  

 

                                   
 

and making use of integral (1), we get 
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1.9.  Ninth Integral 
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Upon interchanging the order of integration and 

summation in above equation, we get 
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Using the easily-derivable result (30) and interpreting 

the involved Mellin-Barnes integral in term of  ̅-

function, we get 
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1.10. Tenth Integral 
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By applying (30) and express the  ̅-function of one 

variable in its integrand as Mellin-Barnes integral (1), 

we obtain 
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1.11. Eleventh Integral 
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By applying (29) and using definition the  ̅-function 

(1), then we arrive at 
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6. CERTAIN INTEGRAL INVOLVING 

PRODUCT OF  ̅-FUNCTION  

 

For the present investigation, we need the following 

result of Oberhettinger [6]  
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By applying (1) and the interchanging the order of 

integration, we get 
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By the virtue of integral formula (35), we obtain  
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 -function (1), then we arrive at 

 

                     
 

   ̅       
     [(

  

    
) |

                     

(     )   
            

 

 

(        )   
(     )

     
   

           (         )     

]        

The converge conditions for the validity of (36) is as 

follows: 
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7. INTEGRAL FORMULAS INVOLVING 

PRODUCT OF  ̅-FUNCTION WITH 
ALGEBRAIC FUNCTION 

 
  In this section, the generalized integral formulas 

involving  ̅-function (1), are established here by 

inserting with the suitable arguments of algebraic 

functions.  
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Applying the known result (30) and using (1), after 
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result 
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1.15. Fifteenth Integral 
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Substituting            , then we arrive at 
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8. INTEGRAL FORMULAS INVOLVING 

PRODUCT OF  ̅-FUNCTION WITH 
GENERAL CLASS OF POLYNOMIALS 

 

The general class of polynomials          

            

introduced by Srivastava [15] 
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where                           is an arbitrary 

positive integers, the coefficients       
           

are arbitrary constants, real or complex. On suitably 

specializing the coefficients       
          

            yields 

a number of known polynomials as its special cases. 

There includes, among other, the Bessel polynomials, 

the Jecobi polynomials, Harmite polynomials, the 

Laguerre polynomials, the gould-Hopper polynomials 

and several others [16]. 

 

Now we derive the following integral. 

1.16. Sixteenth Integral 
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Next we use the formula (30) and in view of the 

definition (1), we arrive at 
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The conditions for validity of (42) are  
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(ii)                        (where   

and   are not both zero simultaneously),  

(iii)          [ (
  

  
)]   , 

                [ (
  

  
)]   . 

 

9. CONCLUDING REMARK 

 
Recently, the investigations for extension of some 

special function have become important. Thus, many 

extensions of special functions have been obtained by 

authors in different studies. In this work, the authors 

investigated and derived integral formulas of H (bar)-

function associated with hypergeometric functions, 

algebraic function, Srivastava polynomials, Jacobi 

polynomial, Legendre polynomials, Bessel function 

and certain class integrals. In view of closed 

relationship between them, it does not seem difficult 

to construct various integral formulas. Most of results 

obtained here, are significant and general in character. 

The provided results obtained are new and have 

uniqueness identity in literature.  So we can find 

applications in the field special functions.  
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